One of the severe problems e ncountered in high-power-solid-state laser systems is the thermal dama ge to la se r rod s a nd opti cal e le me nt s. One such t ype of dama ge is thou ght to ar ise trom metalli c or dielectri c in c lu s ions; i.e., impuriti es with phys ica l and opti cal properti es whi c h differ s ubs tantiall y from those of the hos t material. Such inclusions may absorb an appreciable amount of the in c id e nt radi a tion and th e re by may und e rgo th e rm a l ex pans ion. This produ ces major stresses within th e hos t mate rial. Estimatin g s uc h th e rmal pro perti es re quires th e co nsid eration of so luti o ns to the heat diffu s ion equation a nd to the th e rm a l s tress e quation s with a ppropriate bound a ry co ndition s. Th e optica l path le ngth c hange for a probin g li ght ray pass in g nea r th e in c lu s ion , th e ra dial and ta nge nti al s tress co mponen ts, and th e c han ges of th e re fra c tive ind ex for radially pol a ri ze d and ta nge nti all y polari ze d light due to the thermal stress fi eld are co mputed. The depende nce of the max imum value of the ten~lle stress upon th e s ize of th e in c lu s ion a nd upo n th e physica l prope rtIes of th e host IS exa mlll ed. 1 he feasibilit y of usin g opti c al tec hniqu es to de tec t metal lic a nd di e lec tri c in c lus ions in lase r mate rial s before th ey c aus e damage a lso is s tudi e d. Th e c omputation s s ugges t th a t th e use of laser pulse wIdth s of th e ord er of mi c roseconds or longe r may be more promis in g for th e d etecti on of s ma ll in c ipi e nt absorb in g ce nte rs than th e use of nan oseco nd pul se width s.
Introduction
One of the severe problems encountered in highpower-solid-state laser systems is the internal damage of the laser rod and its optical elements. One type of such damage is the formation of interior cracks which run more or less normal to the direction of the laser beam [1] .1 This internal cracking is thought to arise from solid metallic or dielectric inclusions; i.e., impurities with physical and optical properties which differ substantially from those of the host material. I" There are a few documentary cases for which the laser glass around inclusions had melted and other cases for which metal was found near the center of failure cracks [2, 3] . The metal has been usually platinum or antimony. The present theoretical study estimates the thermal stresses which occur when a solid inclusion is heated by the laser beam and examines the feasibility of using optical techniques to detect such inclusions before they cause damage. Detecting an inclusion before it causes damage eases the burden of the chemical analysis near the in cipient damage area. £. Bliss [1] has outlined the general mechanism for internal cracking. A solid inclusion with a high absorption coefficient is heated relative to the host material. The resulting thermal expansion of the inclusion may stress the surrounding host material suffi-1 Figures in brackets indi cate th e lite rature referen ces at th e end of thi s pa per.
ciently for damage to occur. In fact , the theoretical model presented in this paper predicts that the heating may produce stresses larger than the theoretical breaking stress of the glass.
Most experim ental data on inclusion dam age has bee n obtained from laser glasses which have hot platinum near th e molten glass, whic h are pro cessed in platinum or ceramic crucibles, and which contain neodymium as the lasing ion. The me talli c inclusions in laser glasses can originate from many so urces and can include most metals. However, considering the thermal properties of most metals that could occur as metallic inclusions in laser glass , one finds that they are similar in their ca pability for causing failure. The noble metals , in particular platinum or platinum alloys, are the metals that have been identified with any reasonable frequency in damaged laser glasses [4] . The nonmetallic inclusions may be divided into crystalline types and noncrystalline types , occluded or exsolved gas bubbles, and glassy regions. Nonmetallic inclusions can produce several weakening effects in the laser host. The most apparent of these are the lens effect, strains in flaw s, electrostriction and absorption. Few definitive statements can be made about these effects and the importance of each is evaluated on a probability basis [5] . However, most researchers expect that those metallic and dielectric inclusions with high optical absorption at the lasing wavelength are most likely responsible for failure of laser glasses. The numerical results of this paper will treat the cases of platinum, antimony, and AltO;l inclusions as representing the thermal, elastic, and optical properties of several possible inclusions in laser glass hosts. The theory will be valid, however, for other hosts which exhibit isotropi c elastic prop· erties and for other absorbing centers.
The several properties of the center-host system which determine the probability for internal cracking to occur may be divided into four groups. The first group consists of the bulk properties of both the inclusion and host and includes the respective thermal conductivities, heat capacities, thermal expansion coefficients, elastic properties, absorption coefficients for the incident radiation, and equations of state for the liquid and gas phases. The second group contains geometric properties of the inclusion which also influence its ability to cause fracture, such as the size, shape, and orientation to the incident radiation. The distribution and nature of initial microcracks and of optical im perfections form the third grou p of properties which determine the resistance of the host to internal cracking. Finally, the fourth group of properties describes the absorbin g center-host interface; namely, the absorptance, emissivity, and initial thermal contact between the absorbing center and the host. The elastic properties , the thermal properties, and the optical properties of Pt, Sb, ALO;!, and two representative neodymium doped laser glasses are cited in tables 1,2,3,4, and 5.
TABLE I
Values of the elastic parameters. The quantities E, G, v, and X are respectively Younp:'s modulu s, shear modulu s, Poi sso n ratio , and isothermal compressibility. Values of the th ermal properties. The quantities p, C, K , and C\' are respectively th e den sity, the specifi c heat at constant volume , the thermal conductivity , and the lin ear thermal expa nsion coefficient. The model formulated in this paper contains many physical assumptions which are necessary to render the problem solvable. The major assumptions are summarized here and are discussed in greater detail in the following sections.
(a) The inclusion is a sphere of radius To and is always in good thermal contact with the host. The number of inclusions per unit volume is assumed to be sufficiently small so that they do not interact with one another. The effects of shape and orientation to the incident radiation also are neglected in the model.
(b) The host material is isotropic , continuous, and of infinite extent. It also is initially at an ambient temperature To and free from all stresses and strains. Because the energy content of the incident radiation is finite, the latter statement requires the temperature to be
To at infinity and all stresses and strains to vanish at infinity. The distribution and nature of microcracks and optical imperfections are not treated in the model.
(c) The lin ear-thermal-e lastic equations are ass um ed to l!ive a reasonable description of th e processes which ultimately may lead to catastrophic damage. Th ese are co upled equations relatin g the tempe rature and the displacement vector from whi c h the stre sses and strains are co mpute d. Th ey are valid only when a local temperat ure ex is ts and wh e n di stan ces are larger than atomi c dim e nsion s ( -lO -H c m ). A relaxation tim e t,. for the definition of a local te mperature T is approximately the reciprocal of a c harac teristic vibration frequency of th e mate rial. These relaxation times t,. for Pt , Sb, AI~O:!, and th e Ja se r glasses are about 10 -1 : 3 s to 10 -I~s. He nce, th e eq uations are mean· in gful only when tim es t are much larl!er than lO -l~s. (d) It is assumed that th e radiation of h eat by th e ce nter-ho st interface and by th e heated glass clos e to the absorbin g ce nter may be neglected in th e thermalelastic equation s. A blac k body at 600°C produces an energy flux of 0.735 (J/cm ~s). The laser bea ms for th e examp les studi ed in thi s paper co ntain e ne rgy flux es at leas t 10 4 tim es greater than 0.735 (J/ c m~s) . Th e temp erat ure gradients whi c h occ ur from th e tim e of cessation of th e laser pul se to tim e of maximum optical path length chan ge are always s uffic ie ntly large so th a t th e energy flux du e to th ermal co ndu c tion is greater than th e energy flux du e to radiation. The prese nt calculations show that the e ne rgy flu x du e to thermal conduction beco mes s mall for tim es greate r than a second and that the radiation e ffect should be in clud ed in the th erm al-e las ti c equation s whenever t > 1 s.
Beca use the te rn perature is close to th e ambient temperature whe never th e tim e is greate r than a seco nd , th e long tim e behavior is not in th e region of practi cal interest for detectin g the in cipi e nt damage ce nters before th ey cau se damage . He nce, it is assumed th at all times are less than a second.
(e) The lin ear-th e rmal-elastic equati ons co ntain a co uplin g term a nd an in ertia term. Th e couplin g te rm and the inertia term may be neglec ted when e ve r th e three characteristi c tim es which occ ur in th e absorbing center-host system s atisfy a se t of in equaliti es. Th ese tim es are the following. The pulse width T of the incident radiation determines in part th e rapidity of heat ge n eration . The characteristic relaxation tim e for te mperature equilibration (thermal diffusion) is tT, which is of order (1'2 /a 2 ), where r is the radial distance and a 2 is the thermal diffusivity. The c haracteristic mechanical time required for the production of s tress waves is t .\1 whi c h is of order (r/v), where v is the speed of propagation of elastic waves. The relation ships amon g th e coupling term , th e inertia t erm , th e time hi story of th e displace me nt vector , and th e tim e history of the te mp erature are compl ex. Th e easiest way in whi ch to s tudy these relation s hip s is to solve exactly the lin ear-th erm al-elasti c equation s for a sim pIe one dimen s ional proble m. Boley and W ein e r have solved s uc h a problem [61 . They demonstrate that when T ~ t;ll and tT ~ t;ll , then the coupling and inertia terms are small compared to the other terms in th e equation s. The data ci ted in table 3 for the inclusions and hosts di sc ussed here red uce th e above inequalities to inequalitie s containing the pulse width T and radial distance r. The data show a maximum value for t .\1 -2.8 X 10 -(1 (s/cm) I' and a minimum value for tT -4.2 (s/cm 2 ) r~. Hen ce, th ese data lead to th e inequalities con taining T and 1' ; nam ely T ~ 2.8 X 10 -6 (s/cm) rand r ~ 6.7 X lO -i c m. It is ass um ed that th ese inequalities are satisfied and th ereby th at th e co uplin g and inertia terms may be neglected . Th e results to .be discussed in thi s paper are based upon a lin ea r th eory and upon a model whose elasti c, th ermal , a nd optical properti es are cons tants. Th e valu es for these pro perties, cited in tabl es 1 throu gh 5, are valid for te mperatures near 300 K and for s mall stra in s. This treatm e nt is not ex pec ted to be correct near the onse t of damage. The problem is certainl y a nonlin ear one nea r the region of catastrophi c damage. Wh ene ver a ny of th e assumptions become invalid, then th e res ults should be viewed as s ugges tin g tre nd s in th e be hav ior of the syste m. Th e inclu sion s whic h occur in la se r glasses are most lik e ly not the s ph eres for whi c h the mod e l has bee n form ulated. Th ey co uld be irregularly s ha ped globul es. Some Pt inclu sion s occ ur as hexagonal platele ts. Even th o ugh the mod el does not take into account s uc h geo me tri cal aspects , one hopes th a t it does give a reaso nable d esc ription of th e act ual sys te m. On e also hopes that th e ma nn er in which it s uggests one s hould proceed to in c rease th e damage thres hold , thou gh probabl y not quantitative ly correc t, is qualitati vel y co rrect.
In section 2, the lin ear-un co u pl ed·q uasi-s ta ti c thermal elas ti c equ a ti ons are appli ed to ab sorbing in clu sio ns in laser material s. Th e mode l for s tud yin g sp he ri ca l inclusions is th e n formul ated in secti on 3 within th e co ntex t of th e quasi-static th ermal elasti c th eory. The heat diffu sion equation with tim e dependent boundary co ndition s for th e temperature as a fun cti on of tim e t and of radial di s tan ce r is solved by Laplace transforms. Express ion s for the opti cal path le ngth c ha nge for a probing beam of radi a tion passin g near the in c lu s ion , th e radial and ta nge ntial co mpone nts of th e s tress te nsor, and the stress indu ced changes. of th e refractive index for r adially and tan ge ntially polarized li ght are developed in section 4. Th e num eri cal res ults and co nclusions are prese nted in section 5. Section 5 also co ntain s an es timate for th e le ns effect of th e heated region surrounding th e absorbing ce nte r. Finally , thos e optical properties whi c h de termin e the absorptance and emi ssivity of the inclusion are di sc ussed in th e appendix.
Thermal Elastic Theory
Consider an absorbing s phere of radiu s ro imb edd ed in an initially isotropic continuous host of infinite e xte nt. The thermal, elastic, and mechani cal properties which e nter linear thermal elastic studies are : the density p(g/cm: 1 ), the specific heat C at co nstant volume theory. The subscript c on any of these thermal prop· erties will refer to the absorbing center and the sub· script h will refer to the host.
The basic theory which describes the behavior of an absorbing sphere imbedded in a continuous medium and subjected to a laser beam combines the theories of elasticity and of heat conduction under transient conditions and is a boundary value problem of con· siderable mathematical difficulty. Fortunately, simplifying assumptions without significant error are possible.
The problem is that of one absorbing spherical inclusion imbedded in an infinite medium initially at a uniform temperature To and subjected to a prescribed rate of internal energy absorption per unit volume Q,,(r, t)(W/cm 3 ) . The quantity Q" is related to the intensity of the local radiation I by an absorption equation; that is,
where the linear absorption coefficient is y in units of inverse centimeters. This y should include also the effects of nonlinear absorption processes which become important at high intensities. The local intensity for radiation propagating in the plus z direction at z is related to the local intensity at Zo by the relation
where z > Zo.
The linear-thermal-elastic equations relate the temperature T(r, t) and the displacement vector u (r, t) as functions of position r and time t. These coupled equations are [6] aT a
and
where To is the reference temperature for which the material is free of stress. The reference temperature is chosen to be 293 K. The strain and stress components are obtained from the displacement vector u. Equations (1) and (2) are meaningful only when a local temperature exists.
A close relationship exists between neglecting the coupling term (3A + 2!J-)CI'T()[a('V· u)/at] and neglecting the inertia term p(a 2 ulat 2 ) in eqs (1) and (2).
This relationship is based upon the physical idea that the rate of thermal expansion may not be sufficient to produce elastic waves. Let us consider the coupled heat equation. We rewri te eq (1) in the form
where the dimensionless parameter, determines the amount of coupling. Equation (I') shows clearly that neglecting the coupling term requires that a must satisfy the inequality a ~ 1 and that the strain rates , a(7· u)/at, must be less than or of the same order of magnitude as temperature rates CI'(aT/at). The latter condition implies that the time history of the displacements must follow closely that of the temperature. In fact, the authors of ref.
[6J have shown that if the application of heat is not too rapid, not only may the coupling term be omitted but the inertia term may be omitted under the same circumstances. The rapidity of heat generation at the absorbing inclusion-host interface is characterized by the laser pulse width T (s). In addition to the time T, two other characteristic times exist in the system. Namely, the characteristic thermal time , tT= (r2/a~), is the relaxation time for temperature equilibrium (thermal diffusion) and the characteristic mechanical time, t.ll = (r/v), is the time required for the production of stress waves, where the quantity r= Irl. It has been demonstrated [6] that when
then coupling and inertia terms are small. That is, when inequalities (3) are satisfied, then the linear-uncoupledquasistatic thermal elastic theory obtains; namely,
and (5) where 7 2 is the Laplacian operator, and 'V IS the gradient operator. Hence neglecting the coupling term one finds that the thermal stress problem becomes two distinct problems which are solved consecutively. The first problem is the solution to the boundary value problem whose field equation is given by eq (4). When we have the temperature distribution T(r, t), the second problem is the determination of the resultin!! stress distribution from eq (5) , and th e stress-strain relations, where aij = 0 when i =1= j and 0;; = 1 wh en i = j. Equation (6) is subject to the equilibrium equatio ns , where are the strain displacem e nt relations, a ij is the stress tensor, and f is the applied force per unit volume. The subscripts i , j , and k re prese nt the cartesian components x, y, and z_
J . Spherica l Incl us ions
The heat diffusion eq (4) describes th e tim e and space de pe nd e nce of th e temperature T(r, t) for large distan ces r and large tim es t; (7) Equation (7) does not co ntain th e volume heat !!e neration term Q,,( r, t) beca use th e ho st is assumed to be very transpare nt to the lase r e ner!!y and to absorb only a negli!!i ble amount of e ne r!!y from the laser bea m. In addition , because the absorption coe fficient for th e absorbing ce nte r Yc (Pt or Sb) is very large co mpared to the absorption coe fficient for th e host Yh, Yc -10 14 Yh, the heat absorbed by the absorbing cente r from the laser beam is assumed to occur entirely at th e ce nte rhost interface. This is not the case for ALO:I because Yc(Ab03) -y,/ (glass). If the Al20 3-glass interface were highly absorbin g du e to some mechanism (Maxwell Demon), th en the assumption that heatin g occurs on ly at the interface would be valid. Th e nature and existence of such a mechanism for Alt O:l is s pec ulative at present. Hence the author us es in thi s paper the nam e AltO:l(a) to denote an inclusion whose properties correspond to those for polycrystalin e AltO:l with th e one exception that the absorption coefficient Yc(AltO:l(a)) is very much larger than that for Yc(AI 2 0 :l ) -y" (glass).
The diffusion equation requires a statement of th e boundary conditions before a solution is uniqu ely defined. The te mpe rature e has the form j To, t~O e(r, t) = To+T(r , t), t > 0, (8) for all value s of r. The fun ction T(r, t) is the temperature relative to the ambie nt te mperature To . The boundary conditions are time dependent for any realistic treatment of the problem. The temperature must be finit e everywhere; T(r=oo, t)=finite and T(r=O, t) = finite. The continuity of the temperature across the center-host inte rface is (9) where r is the radial unit vec tor. Condition (9) implies that the host is in perfec t th ermal co n tac t with the inclusion for all times t ~ O. Th e con servation of heat flow at the interface gives -Kc'vTc(ror, t) . r + H(t ; r· Z) (10) where z is th e unit vector in th e + z direction .
The e ne r!!y flux H(t; r· z) (W/cmt) i s th e energy absorbed by th e sp he re from th e laser b ea m. Boundary condition (10) describes an un eve n heatin !! of a sphe re by a plan e wave propa!!at ing in the pos itive z directi on. It co ntain s angular properties whi c h a re unn ecessary re fin e me nts for our purposes, parti c ularly wh en th e the rmal co ndu c tivity of th e ce nte r is mu c h !!r eat e r than that of th e ho st. Th e refore, it is r easonabl e to introduce o ne more ass umption whi c h redu ces boundary co ndition (10) to a s ph erically sy mm e tri c one. Le t £,. be th e e nergy de nsity (J/cmt) of the lase r beam and le t T(S) be th e pulse width of th e laser bea m. A square wave pulse is assumed for our problem. Th e sp he rical inclu sion inte rcep ts a n area 7Trl~ from the laser beam and absorbs th e amount of e nergy per unit tim e QT= [A(A , T)(£,h) ]7Tr~ in watts, where A(A , T) is th e a bsor ptan ce of th e ce nter. If th e s ph e re were to absorb energy at th e rate QT over its entire area, then th e equivale nt e nergy flux H(W/cmt) would be
Th e eq uivale nt e ner!!y flux for the s pherically sy mm e tri c case is give n by th e relation,
{ o for
He nc e, re placi ng the an!!ular depe nd e nt e ne rgy flux H(t; ;:. i) , by th e s ph erically sym me tri c e ne rgy flux H (t) redu ces th e problem to a s ph eri cally sy mmetric one. Boundary condition (10) now reads (11) Boundary condition (11) corres ponds to replacing the in cide nt plan e wave , whic h has an e nergy flux (E,JT), with an in co min g sph eri cal wave, which has an e nergy flux (7Trij E,.J47Tr 2 T).
The author does not include the radiation of heat by the interface and by the heated glass close to the inclusion in this model. The temperature gradients which occur from the time of cessation of the laser pulse to time of maximum optical path le ngth change are always sufficiently large so that IK"'lT,, I is greater than the e nergy flux due to radiation. Of course, the energy flux IKII'lT" I becomes small for times greater than a second and the radiation effect should be in-cluded in both the diffusion equation and the boundary conditions whenever t > Is. Because the temperature is close to the ambient temperature whenever the time is greater than a second, the long time behavior is not in the region of practical interest for detecting the incipient damage centers before they cause damage.
The solutions for the temperature T(r, t) are ob· tained by taking the Laplace transform of the diffusion eq (7), the initial condition (8), the continuity eq (9), and the time dependent boundary condition (11). The transformed equations become linear equations for the Laplace transform VCr, s) of the temperature T(r, t), where s is the Laplace transform variable for the time t. In a separate paper [7] , it has been shown that
where z" = (rs l / 2 / a ,,),
Evaluating the Bromwich contour integral to obtain the temperature T(r, t) from a knowledge of the Laplace transform VCr, s), eqs (12) and (13), would be a most ambitious task. Two different arguments exist by which eq (13) reo duces to a more tractable form. The first argument treats eq (13) in the limit that ZeO ~ 1, then the ctnh (zeo) in eq (13) is approximated by and eq (12) thereby is approximated by,
where
b= (Kd2Ma,,), and R= (4pcCc·/3p"C,,).
The second argument yields the same relations as eqs (14) and (15) but involves simplifying the boundary condition (10). Observe that because a~ 2: 18a~ and Ke> 20K" the temperature gradients in an absorbing center such as platinum , antimony, and AI2 0:I (a) would be much less than those for the glass host. In the limit that K· ~ K" , the boundary condition (10) becomes
where rt = ro ± E. Hence , approximation (14) obtains either when Irosl /2/acl ~ lor when Kc ~ K" . The latter inequality imposes no restrictions on ro and s, but the former inequality does impose such restrictions. The volume specific heat ratio R = (4p cCc/3p"C,,) determines three regions of behavior. Namely; when R < 1, the roots b ± are real and unequal; when R = 1, the roots are real and equal; and when R > 1 the roots are complex and conjugate to one another. The evaluations of the Bromwich integral,
for the above three regions appear in ref.
[7J, and give the temperature T(r, t). T he quantity c is chosen to be sufficiently large in order that the integral,
exists. Including the mathematical details for the evaluation of T,,(r, t) in the present paper would only detract from the presentation of the model, of the physics which it contains, and of its numerical results. However, the temperature {!radient in the host is negative for all values of position and time and for all finite values of the volume-specific-heat ratio R.
Theoretical Expressi ons
Having thus obtained the temperature T(r, t) , one may compute all the other quantities mentioned in section 1. The optical path length change M.. becomes
,) T"(r, t)dx, (19)
where the integration path is along a ray that has a distance of closest approach rl to the absorbing sphere , and the variation of the refractive index of the host with temperature is (dn,,/dT,,). The quantity (dn,,/dT,,) is properly the rate of c hange of the host refractive index with respect to temperature evaluated at zero strain. When (dn,,/dT,,) is independent of rand t, eq (19) has the form, (20) where T,,«r~ +D2)1/2, t) ~ T,,(ro, t) and the integration path is a straight line of length 2D with a distance of closest approach to the sphere rl ~ ro. The stress birefringence has been neglected in eq (20). The quantities which enter the stress birefringence are computed at the end of this section.
The Tp 2 dp + Cl r +- 
Ii ,;:; p ,;:; r th e n th e di s place me nt vec tor u = uP beco mes
, th e n th e radial s tress co mpon e nt has th e form 2aE j r., EC , /J,.,(r) =-(l -V ) /~1 ii Tp-dp + (1 -2v )
and th e tan ge ntial s tress co mpon e nts /Joo a nd <P lIO are equa l and are give n by th e equati o n,
Wh e n [{a(l + v) / (l following results,
The Laplace tra ns form give n by eqs (14) a nd (15) corres ponds to the foll owin g te mpe rature profile:
T(r , t) = {T,, ( r o , t) T,,(r, t)
for for o ,;:; r ,;:; ro r > ro- (29) where the condition uc(oo, t) = 0 has bee n used to
de termin e C2C = O. Th e corres pondin g e xpress io ns for th e regio n r ~ ro are :
wh e re th e co nditi o n u" (00, t) = 0 has bee n use d to de te rmin e C", = O. Obse rve that eqs (3 1) a nd (32) pre di c t that /Jrr,,, (00 , t ) = 0 a nd /J oo. ,, (oo, t) = O. fh e coe ffi c ie nts C I C and C 2" are e valuated by introdu cin g an adh es iv e bound ary at r = ror. An adhesive boundary maintain s th e th e rmal co ntac t between th e ab sorbing center and th e host and obtain s wh e n th e followin g conditions are va lid : Conditions a a nd c th e n yi eld two simulta neou s equation s for Cle and CUI' Th e soluti ons to thi s se t of equ ations are:
and 
Combining the above relations gives
Finally, the isothermal compressibility Xc for the center is introduced in order to compute e, Assuming the isothermal compressibility to be a slowly varying function of pressure for Pf ~ P ~ Pi yields the relations,
When 3e < 1 and 3ac T,,(ro, t) < 1, the expansions of the logarithm give the strain e; namely, Substituting the coefficient C 2" = rile and the temperature T,,(r, t) into eqs (31) and (32) gives the radial and tangential stress components. The radial rates of expansion during heating and of contraction during cooling for the center also are computed, ro ~~ roac{dTh(ro, t)/dt} . dt
The latter rates are used to check that the linear-quasistatic-thermal elastic theory is predicting self consistent results. If the rates of expansion or contraction of the center were to approach or exceed the speed of sound in the host, then the above problem becomes a nonlinear one involving two coupled differential equations. One equation treats heat diffusion and the other treats energy transfer in the form of sound waves. One goal of this study is to examine under what conditions the absorbing center may initiate damage in the host. When the tensile stresses produced by the heating exceed the strength of the host, then damage should occur. The theoretical breaking stress is estimated theoretically [8] to be about one tenth of the Young's modulus, (Tth -(E h/l0 ). This value does not take into account the presence of microflaws and therefore is a representative upper limit for the strength of the host. The sign convention of the foregoing formalism is that compressive stresses are negative and tensile stresses are positive. The radial stresses are according to eq (31) always compressive (negative) and hence do not initiate damage. The tangential stresses are according to eq (32) either compressive or tensile and depend upon the time, the position, and the properties of both the center and host in a most complicated manner. Whenever the tangential stresses are tensile (positive) and are sufficiently large, they may initiate damage.
The tangential stresses at the interface may be written in the form,
where the effective expansion coefficient is (35) It is interesting to observe that even when a c = a", ( Tee." (ro, t) =!= O. The stress (Tee." is usually proportional to (ac -a,,) for those problems in which the temperature is spatially uniform everywhere. But in the present problem, when r ~ ro, the temperature is not spatially uniform (that is, when r ~ ro, 9T" =1= 0) and the stress (Tee ," is not necessarily proportional to (ac -a,,) . The model by which one reasons intuitively that the tangential stress is proportional to (ac -ah) is based upon eqs (23), (26), and (27) for both r < ro and r> roo This is not correct when (aT/ar) differs from zero for r ~ ro as it does in the present model.
Whenever (aT/ar) = 0 for 0 :s; r:S; 00, a different set of boundary conditions must be used to determine the constants in eqs (23), (26), and (27). To obtain the correct boundary conditions for the infinite host, one proceeds as follows. Consider a sphere of radius ro inside a spherical shell of inner radius ro and outer radius r3. The system is heated adiabatically from To to To + T so that (a T/ ar) = 0 for 0 :s; r:S; r:1. The correct equations are eqs (23), (26), and (27) and the correct boundary conditions are uc(O) = 0, uc(ro) = u,,(ro), (Trr , c(ro) = (Trr, ,,(ro), and (Trr, ,,(r3) =0. These equations and boundary conditions then predict that in the limit as r3 approaches infinity, the tangential stress approaches the value , E" (ac -a,,)Tr~ Equation (36) is not correct whenever (aT/ ar) differs from zero. Observe that the boundary conditions leading to eq (36) replace u,,(oo) = 0 with (Trr,h(oo) = 0 and also yield Uh(oo) = 00 and U09 ,h(00) = 0. Compare this with the results from eqs (30), (31), and (32); namely , u,,( oo ) = 0, Ur,. ,h( oo ) = 0, and U90,,.( oo ) = 0, because T,,(r , t) approach es ze ro faster than 0 /r2) approaches zero as r approa ch es infinity.
The maximum te nsile stress occurs, whe n (aU09. r(r, t)/ar) evaluated at r= r max is zero a nd whe n (a 2 U99 , h(r, t)/ar 2 ) evaluated at r = rmax is negative. These conditions do not necessarily obtain at r = r max = ro and at t = 7. The qualitative behavior of the tangential , stress de pends in part upon th e sign of the effective expansion coe fficie nt Dacrr. Wh en Daerr is positive and sufficiently large, oaerr > 10 -6 O r C) , then the maximum tensile stress does occur at r = ro and t = 7 .
) For fixed times t, the tensile stress decreases monotonically to zero as r increases from roo When Daerf is negative, the maximum tensile stress does not occur at r= ro and it also does not occur necessarily at t = 7. Instead, the tange ntial' stress is always compressive at r = ro , whe n Daerf < 0. Keeping time fixed one find s that as r in crea ses from ro th e tangential stress increases alge brai cally from negative (compressive) values to positi ve (tensile) values, attain s a maximum te nsile stress at r = r max > ro, and then begin s to , decrease algebraic ally. Whe n Daerf is slJlall, loaeffl < 10 -6 o re), the n the s tress may chan ge from tensile to compressive or from co mpressive to te nsile mor e than once as r in creases from ro-This be havior for small Dacrf is ve ry sensitive to th e sign and value of (aU99 ,,,(r, t) /a r) e valuated a t r = roo Because evaluating Th(r , t) and its d eriv atives to study a nalyti cally the maxima of U OO, " ( r, t) would be a monum e ntal task, the num eri cal res ults from a co mputer have been us ed to obtain the above qualita tive features. The effective expansion coe ffi cient oa err is about -5.5 X 1O -6 0 r C) for Pt in Glass (B) and it is a bout -6 .7 X 10 -6 (I r C) for Sb in Glass (B). Finally, th e expressions for the strain indu ce d change of the refrac tive index for radially polarized li ght ilnr and for tangentially polarized li ght iln9 = iln<p (stres~ birefrin ge nce) are de veloped. Th e th eory of ref.
[9] whic h examines th e s tress birefrin gen ce of an isotropiccontinuous trans pare nt medium is used. The strain indu ced c han ge of the refractive index for radially polarized li ght is
ilnr(r, t) = BIIUrr,/, (I', t) + B +(uoo , her, t) +U<P<P, h'( r, t))+ ahTh(r, t)(PII + 2pI 2), and the strain induced c ha nge of the refractive ind ex for tan gentially p olarized light is iln o(r , t) = iln <p(r , t) = B .lUrr, her, t ) + BII Uoo, her, t) + B .l U<P"' , ,,(r, t) +a"T,,(r, t)(PII + 2pI 2) ,
where th e st ress optic coefficie nts are and and where the photoelastic coeffi cients are P II and P12; i.e ., and The stress birefrin gence at any point r with res pect to the local unit vectors for s pheri cal coordinates is (iln,. -ilno) .
Computer progra ms to evaluate the quantities ilL , UrI' , (Too, ilnr, and ilno as fun ctions of rand t for platinum , antimony, and Ab0 3(a) s pherical inclusion s are de veloped. Two diffe rent host glasses with properties suc h that both R < 1 and R > 1 are considered.
The strain rate ro (dE! dt ) and the e ne rgy flux SH (THr , t) -T6) radiated by the spherical s urface and by the hos t near th e inclusion also are computed_
The S tefan -Boltzman constant is d enoted by 58.
F or the values of radial dista nce and tim e whi ch are im portant to the inclusion damage proble m , th e effects of both quantities are n egligible and h en ce th e model is numeri cally consistent with its ass umptions.
Resu lts and Conclusions
Th e numerical res ults predicted by the model developed in section 3 are reported in this section. Amon g the many input param e ters the abs orptan ce A (A. , T) is pe rha ps most sensitive to the initial thermal contact and surface conditions of the host and. inclusion. To avoid questions about the value of A (A. , T) the numerical res ults for the refere n ce (normalized) case whe n A (A. , T) = 1 are give n. This presents no additional problem because the te mp erature Th (r, t), the optic al path le ngth chan ge ilL , the s tress compone nts UrI' and u oo= u """ and the stress birefrin gen ce ilnr a nd ilno, are all directly proportional to the absorptance.
The model of section 3 has b een used to study two different questions. First, how the maximum tan gentialte nsile stress varies as a function of the radius of the spherical inclusion for a fixed en ergy de nsity and pulse width of the laser beam. Second, if the maximum temperature of the inclusion is limited to a fixed value, T" (1'= ro , t= 7) = constant, how the parame ters of the in cident laser beam should be varied to incr ease the probability of d etecting by optical techniques a small in cipie nt absorbing ce nter , before it causes damage . Optical techniques to d etect small inclusions become more promising the greater ilL , iln,., and D.no are. Table 6 for inclusions in Glass(B) and table 7 for inclusions in Glass(U) contain the variation of the maximum te nsile stress u oe(max-te nsile) as a function of ro for a laser beam having an energy density 20(J/cm 2 ) and a pulse width 30 ns. Whe n 10-4 cm > 1'0 > 5 X 10-5 cm the maximum tensile stress exceeds the theoretical strength of the Glass(B). Also when 10-4 cm > ro > 5 X 10-5 cm the maximum tensile stress exceeds the theoretical strength of the Glass(U). These r~sults demonstrate that submicron·sized inclu sions have the greatest probability to cause damage in laser glass hosts. The re sults give n for ro = 10-7 cm m ay h ave no physi cal meanin g because the uncoupled thermoelastic theory becomes suspect for '-0 ~ 6.7 X 10-7 cm. Whe n· ever the temperature Til (ro , T) exceeds the strain point of the glass, the res ults reported in tables 6 and 7 are at best order of magnitude estimates for the tensile stress. Laser glasses have strain points around 600 0c.
These two tables show that very large and very small inclusions are not likely to produce damage. Only inclusions having an intermediate size of the order of tenths of microns have a high probability to produce damage. They also show that the surface temperature Til (ro , T) and the maximum ten sile stress· beco me independe nt of the thermal and elastic properties of the inclusion when ro < 10-6 cm. Thi s observation is proven in ref. [7] by analytic methods.
The high te mpe ratures whic h are predi c ted by thi s model for O.IIL ~ ro ~ IlL are certainly not to be tak e n seriously. The model does not treat the heats of fu sion HF , the heats of vaporization H v, the changes in volume upon melting, and the equation of state for the liquidgas tran sition at extre mely high te mpe ratures. These equations of s tate for platinum, antimony, a nd Ab03 are not known. Also so me researchers argue that th ese effects whic h the present mod el neglects te nd to cancel on e another in th e case of platinum for te mperatures up to its boiling point a nd that the re by, eve n though the mod el predicts te mpera tures which are too large, it does give representative values for the stresses. The following mes h in the rand t space is used to obtain the values give n in tables 6 to 9. The expressions are evaluated for fiv e values of th e time (3 n s, 30 ns, 0.3ILs, 3ILs, and 30ILS) and for twe nty values of r. The limits on r depend upon ro. When ro ~ O.IIL , the limits are ro ~ r ~ 5ro; when ro = O.OIIL they are ro ~ r ~ 60ro ; and when ro = 0.00lp" they are ro ~ r ~ 600ro. The twe nty values of r are equally spaced in a logarithmic manner be tween the lowe r and upper limits.
The quantities /1L(r, ro, t) , a 'T( r, t) , a oo( r, t), I1nr(r, t) and I1no(r, t) have been ev aluated for ro=O.Ip" Ip" and lOp" and T,,(ro , T) =600 °C; for
mann er. Th e prese ntation in this paper of all th ese num erical res ults would be overwhelming. Table 10 contains a summary of these res ults for th e case of platinum in Glass(B). The results for antimony and Ab03 (a) in Glass(B) and Glass(U) and for platinum in Glass(U), are similar to within a factor of te n.
T ABLE 6
The maximum ten sile st ress as a function of ro for fixed energy densi ty £1. = 20{1/ cm 2) and pulse width T = 30 ns. The th eore ti cal • breaking stress of glass is about 6 X 10 9 (N/ m 2 ). The prope rti es of Glass(B) are used in thi s table. The radius of the in clu sion is ro; the maximum tensil e stress is O" ee (max-tensi le) an d occ urs at position r and at tim e t; th e temperature at r a nd t is T,,( r, t) ; the volume specific heat ratio is R ; and the e ffective expa nsion coefficient is TABLE 7 Th e maximum te nsil e s tress as a fun c ti on of ro for fi xe d e ne rgy density EL = 20 (j/cm 2 ) and pulse width T = 30 ns. Th e theoretical brea kin g s tress of glass is a bout 6 X 10"(N/ m 2 ). Th e prope rti es for G lass(U) a re use d in thi s tab le. Th e ra diu s of th e in c lu sion is ro; the max imum te nsil e stress is Ullli (max· te nsil e) a nd occ urs a t pos iti on r a nd at tim e t ; th e te mperatu re a t r a nd t is T,,(r, t ); th e volum e s pecifi c heat rati o is R; a nd th e effec tive ex pa ns ion coeffi c ie nt Table 10 contains the optical path length change t:..L and the stress birefringence parameters (t:..n,. and t:..no) whi c h occ ur when Pt is in Glas s(B) for several values of pulse width T and inclusion size roo The results for Pt in Glass(U) are similar within a factor of a bout two to those predi c ted for Glass(B) and are not includ e d her e. Because the mod el ass um es th at th e s train is proporti onal to s tress, th e e ner gy de ns iti es Ef• of the l aser pul ses are limited in ta ble 10 to valu es s uc h th at th e te mpe ra ture of th e glass neve r exceed s th e s train point of th e glass . Th a t is, th e e ne rgy de nsiti es a re s uc h th a t Til ( ru, T) = 600°C. In addition , the maximum te ns il e s tress is always at lea st an orde r of man gi tud e less th a n th e th eoreti cal brea kin g point of the host 6 X 10 9 (N/m 2 ) . Hen ce, excluding the co mpli cations whi c h mi c rocrac ks mi ght produce, on e does not ex pec t dam age to occ ur whe n Til (ro , T) ,,;; 600 0 e. Th e qu antiti es ( !:l.L ) , (t:..nr ) , and (t:..no) TABLE 
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Maximum te nsil e s tress of Pt s ph er es in a fic t iti ous host as a fun c· ti on of th e th e rm a l e xpan sion coeffic ie nt of th e hos t. All th e prop· erties of the host are the same as those for Glass(B) exce pt that the th ermal expan sion coe ffi c ie nt of t he hos t a" va ri es fro m 6 X I 0-6 (l rC) to 16 X 10-6 (l/°C). Th e effec ti ve expa nsio n coe ffi c ie nt is Oae f,; th e maximum te nsil e s tress a t a di s ta nce r a nd a t tim e t is U IIII (max-t e ns ile); and th e te mp era ture of th e hos t is T,,(r, f ) . The. la se r pulse width is T= 30 ns a nd it s e ne rgy d e nsit y is £,. = 20(.l /c m2 ).
Th e radiu s of th e s ph e re is ro= 5 X 10-5 e m. T he max imum stress occ urs for times c lose to the pul se width , f ~ T.
a" oaCff rl ro
aOIl (max-ten sil e) T,,(r, f) (WC) X 10-6 (WC) x 10- 6 (N/m 2 ) X I 0" (x 10" °C) Maxi mum te nsil e s tress of Pt s ph e rcs in a fi c titi ous hos t as a fun c· t ion of th e th e rm a l eX IJa nsio n coe ffic ie nt of t he hos t. A II th e prop· erti es of the hos t a re th e sam e as those fo r Glass(U) except th at the th erm a l expa nsion coeffi c ie nt of the host a" va ri es from 4 X 10- 6 (l/ oC) to 12 X 10-'; (l r C). Th e effec ti ve expa nsion coe ffi c ie nt is oacff; th e max imum te nsil e s tress a t a di sta nce r a nd a t tim e f is UOII (max· te nsil e); a nd th e te mpe ra tu re o f th e hos t is T,,(r, f ). T he lase r pu lse width is T= 30 ns and its e ne rgy d e ns it y is E,. = 20(Jfc m2). ; r2 and tl ~ t ,,;; t 2 in whi c h they obtain th eir largest values. The meanin g of th ese sy mbo ls is illu strated be low for one case from tabl e 10. F or ex· a mpl e, the la rges t optical path le ngth c h anges du e to a pl a tinum s ph e re of radiu s ro = 1/1-heated by a laser beam having a pulse width 3 X 10 -8 s and an e ne rgy d e nsity 0.33 (JI c m 2 ) are about 1.3 X 10 -8 c m a nd occ ur for tim es be tw een 3/1-s and 30/1-s aft er th e beginnin g of th e laser pulse and for opti ca l path s whi c h a pproac h within 1/1-of th e s urface of th e in c lu sion. S imilarl y, th e larges t va lues fo r th e radi al a nd ta nge nta il c h anges of th e index of refracti on du e to th e rm a l birefrin gence a re r es pectively 6.3 X 10-4 a nd 6. 0 X 10-4 a nd occ ur for the sam e radial di s tance and tim e as th ose for th e opti c al path length c han ges .
TABLE lOA
Optical path length change and st ress birefrin ge nce for Pt inclusion s in Glass(B). The radius of th e inclusion is ro(em) , the pulse width if. r(s) , the e nergy density is E/D/cm2), and the optical path length c han ge at time t = r and for a distance of closest approach r = ro is t1L(ro . ro, r)(cm). The quantities (t1L}(cm), (t1n r) , and (t1no) denote res pectively representative values for the larges t optical path length change , the largest index chan ge for radially polarized light , and the largest index change for tan gentiall y polarized light which occ ur for a range of di stan ces of closest approach ro to r,(cm) and for an interval of time t, to tAs) after th e beginning of the laser pulse. The tan ge ntial stress at r = ro and t = r is -2.16X 108(N/ m2) and the surface temperature T/,( ro , r) at t = r is 600°C in all cases. The radiu s is r,, = 10- 5 The data from tables 6, 7, and 10 also may be used to estimate the lens effect due to heated regions of the host. Whenever the refractive index increases with temperature (dnll/dTII) > 0, the heated region of the host surrounding the inclusion might focus the same laser pulse or a succeeding laser pulse. Computing the effective focal length for a spherical shell with a spatially varying refractive index is too complicated for an estimate of the effect. Instead the following crude approximation is considered. The focal length f of a spherical lens having a radius r and an uniform refractive index nt is
where no is the refractive index of the medium in which the spherical lens is imbedded. A measure of the expected importance of the spherical lens effect is the spatial extent of the deviation of the refractive index from its value before the laser pulse occurs, nil.
That is, the importance of the le ns effect is meas ured in some manner by the quantity, H ence the model predicts that the lens effect arising from heated inclusions probably does not cause damage. Those cases for which the maximum tensile strength is less than the theoretical tensile stress of the glass hav e minimum effective focal lengths which are muc h greater than any dimension of neodymium doped glass ele me nts used in present glass laser systems. In those cases for which the te nsile stress exceeds the theoretical s tre ngth, the tensile stress probably causes damage b efore the lens effec t could cause damage by heating another inclusion or by initiating an intrinsic damage mechanism such as self-focussing.
Equations (34) and (35) and the results in tables 6 and 7 show that Sb and the fictitious AI 20 3(a) are more likely to cause damage than Pt. However, this difference I S marginal. Additional computations for Pt spheres in fuzed silica, i)(~eff -+ 6.0 X 10-6 (Ite); indicate that the maximum tensile stresses occur at I' = 1'0 and t = 7 and that th ey are co mparable to those stresses reported in tables 6 and 7. However, the range of 1'0 for which (To o (max-tensile) exceeds the theoretical strength is much greater; namely, when 10-4 cm ~ 1'0 ~ 10 -6 e m , 7=30 ns, and E L =20(J/cm 2 ) , then (Too (max-tensile; Pt in silica) > 6 X 109(N/m 2 ). Fused silica has a tensile strength comparable to glass.
The maximum tensile stress as a function of the thermal conductivity Kii and the therm al expansion coefficient (XII is studied also. These inves tigation s are limited to Pt in Glass (B) and in Glass (U) for whic h the effective expansion coefficie nts are negative. It is fou nd that inc reasing KII in table 2 for Glass (B) from 0.008 to 0.04 (W /c m °C) decreases the maximum te nsile stress from 9.0 X 10 9 (N/m 2 ) to 4.0 X 10 9 (N/m 2 ). Similarly, increasin g Kii in table 2 for Glass (U) from 0.013 to 0.04 (W/c m °C) decreases th e maximum te r;lsile s tress from 10.6 X 10 9 (N/m 2 ) to 5.8 X 10 9 (N/m 2 ). Again , all the other properties of Glass (B) a nd of Glass (U) are kept the same excep t for th e thermal expansion coefficient and th e res ulting maximum tensile stress as a function of (Xli for fix ed r = 5 X 10-5 c m, 7 = 30 ns, a nd £" = 20 }/cm 2 is reported in tables 8 and 9. Observe that the maximum tensile s tress has a minimum at (X II = (Xli (min); namely, (X II (min , Glass (B)) -10 X 10-6 (I tC) and (Xli (min , Glass (U)) -8 X 10-6 (I t C). Also, these ta bles indi cate that the maximum te nsile stress is a slowly varying fun cti on of the the rmal expansion coefficien t, (XII. Thus, for these cases, (x" influences greatly the behavior near the interface because it ap pears in the effective expans ion coe fficie nt and the thermal conductivity influ e nces greatly th e be havior near th e region of maximum te nsile stress.
Intuitive arguments exis t to explain why the te mp erature Til (1'0, t) in tables 6 a nd 7 has a maximum value at so me ro = r(max Til) for fixed £1, a nd 7 a nd decreases for values of ro greater than 1'( max TI,) a nd less tha n r(max TIi). As Cro/rCmax TIi ») becomes larger th a n one, the volume in creases muc h faster than th e s urface area of the sp her e. The inclusion receives less e ne rgy per unit volume. Therefore, th e maximum s urface temp erature at the end of the pulse decreases. As Cro/rCmax TIi )) becomes s maller than one, the equilibration time Cr'/i/aO approaches zero. Th e n th e s urface temperature at the end of the pulse can not deviate much from the equilibrium te mperature due to th e extremely short e quilibration time .
The above computations in ta ble 10 s ugges t that examining incipie nt absorbin g ce nters in laser glasses either by methods which employ the interference of two light rays (which experience differ ent optical path le ngth changes due to the local variation of the refractive index near the inclusion) or by me thods which e mploy thermal stress birefringence are promising. However, because the propagation of light in th e presence of a stress birefrigence which has spherical symmetry is comple x, the interpre tation of birefringence data will be more tedious than data from an interfere nce m ethod. The feasibility of co mbining the inter-ference method and holographic techniques has been demonstrated for 50 micron particles [2] . In addition the results of table 10 suggest that the use of laser pulses with pulse widths greater than a few microseconds may be more promising for the detection of small incipient absorbing centers than the use of nanosecond laser pulses. The longer pulses produce spatial changes in the refractive index which extend over greater distances in the host and thereby increase the probability of detecting small inclusions. Another approach is to employ pulse widths and observation times which are less than the relaxation times of the host. Relaxation times for laser glasses between 800 °C and llOO °C are approximately between nanoseconds and microseconds. These are estimates of the time during which stress is proportional to strain in glasses which are not elastic for infinite time. Such short time observations will permit one to raise the inclusion surface temperature substantially above the present 600°C reported here and still satisfy the assumptions of the present model.
The spherical inclusion has a complex index of refraction me = n c -in~ and the Poynting vector for the incident radiation in the absorbing center is proportional to the factor exp (-Yc(l'o-I'». The absorption coefficient Ye is given by (41Tn~!>\.d. Because a sphere with index me is imbedded in the host with a real index mil = nil = 1.52, the values for me to use in the equations of ref. [ll] The author thanks especially Alan D. Franklin for for platinum spheres in glass (nil = 1.52) and many helpful discussions and for his encouragement. While undertaking this study the author also had Qext = Qabs = 0.992 X several discussions with many other researchers concerned with laser damage problems, some of whom for antimony spheres in glass (nil = 1.52). When are ci ted in the references. He thanks them and the others from whom he has learned about damage in 
